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Abstract
In light of the recent neutrino experiment results from Daya Bay and RENO Collaborations, we
study phenomenology of neutrino mixing angles in the Type III seesaw model with an discrete
A4×Z2 symmetry, whose spontaneously breaking scale is much higher than the electroweak scale.
At tree level, the tri-bimaximal (TBM) form of the lepton mixing matrix can be obtained from
leptonic Yukawa interactions in a natural way. We introduce all possible effective dimension-5
operators, invariant under the Standard Model gauge group and A4×Z2, and explicitly show that
they induce a deviation of the lepton mixing from the TBM mixing matrix, which can explain a
large mixing angle θ13 together with small deviations of the solar and atmospheric mixing angles
from the TBM. Two possible scenarios are investigated, by taking into account either negligible or
sizable contributions from the light charged lepton sector to the lepton mixing matrix. Especially
it is found in the latter scenario that all the neutrino experimental data, including the recent best-
fit value of θ13 = 8.68
◦, can be accommodated. The leptonic CP violation characterized by the
Jarlskog invariant JCP has a non-vanishing value, indicating a signal of maximal CP violation.
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I. INTRODUCTION
Recent analyses on the knowledge of neutrino oscillation parameters make desirable a
neutrino texture going beyond the mere fitting procedure [1–3], indicating that neutrinos
are massive and leptons of different families mix with each other in the charged weak inter-
action. The recent measurements of the leptonic mixing angle θ13 by Daya Bay and RENO
Collaborations [2] indicate that the tri-bimaximal mixing (TBM) [4], giving sin2 θ12 = 1/3,
sin2 θ23 = 1/2 and sin θ13 = 0, should be modified. This result is in good agreement with
the previous data from T2K, MINOS and Double Chooz Collaborations [2], and Daya Bay
and RENO progresses have led us to accomplish the measurements of three mixing angles,
θ12, θ23 and θ13 from three kinds of neutrino oscillation experiments. A combined analysis
of the data coming from T2K, MINOS, Double Chooz and Daya Bay experiments shows [3]
that
sin2 2θ13 = 0.089± 0.016(0.047) , (1)
or equivalently,
θ13 = 8.68
◦+0.77◦ (+2.14◦)
−0.84◦ (−2.76◦) (2)
at 1σ (3σ) levels and that the hypothesis θ13 = 0 is now rejected at a significance level
higher than 6σ. Although neutrinos have gradually revealed their properties in various
experiments since the historic Super-Kamiokande confirmation of neutrino oscillations [5],
properties related to the leptonic CP violation are completely unknown yet. In addition, the
large values of the solar mixing angle θsol ≃ θ12 and the atmospheric mixing angle θatm ≃ θ23
may be telling us about some new symmetries of leptons not presenting in the quark sector
and may provide a clue of the nature in quark-lepton physics beyond the standard model
(SM).
The µ−τ symmetry, which is the most popular discrete symmetry, has made some success
in describing the masses and mixing pattern in the lepton sector [6]. Furthermore, Ma and
Rajasekaran [7] have introduced for the first time the A4 flavor symmetry to avoid the mass
degeneracy between µ and τ under the µ − τ symmetry. In a well-motivated extension of
the SM with the A4 symmetry [8], the TBM pattern of the lepton mixing matrix comes
out in a natural way. Models with the A4 symmetry combined with grand unification [9],
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supersymmetry [10] and extra dimensions [11, 12] have been also investigated extensively in
the literature.
On the other hand, among many possibilities proposed to understand the tiny masses
of neutrinos, the most popular are the seesaw scenarios in which the light neutrino masses
become small due to sufficiently large masses of newly introduced particles. There are three
different types of the seesaw models:
• Type I seesaw with three heavy right-handed Majorana neutrinos [13],
• Type II seesaw where an electroweak Higgs triplet is used to directly provide the left-
handed neutrinos with small Majorana masses [14],
• Type III seesaw introducing SU(2)L fermion triplets with zero hypercharge [15].
The Type I and Type II seesaw models with the A4 flavor symmetry (and an auxiliary
symmetry) have been extensively studied in the literature [8, 16]. In this work, we carry
out a systematic study of neutrino phenomenology in the Type III seesaw model with the
A4 symmetry, which is spontaneously broken at a scale much higher than the electroweak
scale. The fermion triplet in the Type III seesaw model transforms under the SM gauge
group SU(3)C × SU(2)L × U(1)Y as (1,3,0). We assume that there are three copies of such
fermion triplets. Among many interesting features [17] of the model are the possibility of
having low seesaw scale of order a TeV to realize leptogenesis [18] and detectable effects at
LHC [19] through gauge interactions of the heavy triplet leptons or through relatively large
mixing of the light and heavy neutrinos, and the possibility of having new tree level FCNC
interactions in the lepton sector [20].
By combining the A4 flavor symmetry with the seesaw mechanism embedded in the
Type III model, we show that the TBM pattern of the lepton mixing matrix as well as
the tiny neutrino masses can be understood at tree level in our framework. We further
investigate the possibility that all the neutrino experimental data can be accommodated
in our framework through the effects from higher dimensional operators. For this goal we
introduce all possible effective dimension-5 operators, invariant under SU(2)L×U(1)Y×A4×
Z2, both in the neutrino and in the charged lepton sector. These dimension-5 operators
generate the necessary off-diagonal elements of each mixing matrix induced, respectively,
from the neutrino and charged lepton sectors. Subsequently a deviation of the lepton mixing
matrix from the TBM form is induced so that the non-zero mixing angle θ13 [21] and small
deviations from TBM of solar and atmospheric mixing angles can be explained through
3
phase effects [22].
II. TYPE III SEESAW WITH A4×Z2 SYMMETRY − TRI-BIMAXIMAL MIXING
In the Type I seesaw model, the seesaw mechanism is realized by introducing heavy right-
handed Majorana neutrinos (NR) that are singlets under the SM gauge groups [13]. In the
Type III seesaw, the heavy Majorana neutrinos in the Type I seesaw are replaced by SU(2)L
triplets of heavy right-handed leptons having zero hypercharge [15]. The component fields
of the right-handed triplet Σ and the corresponding left-handed one Σ˜c are
Σ =

 NR/√2 E+R
E−R −NR/
√
2

 , Σ˜c =

 (NR)c/√2 (E−R )c
(E+R )
c −(NR)c/
√
2

 , (3)
where Σ˜c ≡ (iτ2)Σc(iτ2) with the charge conjugate Σc = CΣ¯T and τ2 the Pauli matrix [25].
Unless flavor symmetries are assumed, particle masses and mixings are generally undeter-
mined in gauge theory. To understand the present neutrino oscillation data, we consider A4
flavor symmetry together with an auxiliary symmetry Z2 for leptons. Then the symmetry
group for the lepton sector is SU(2)L×U(1)Y ×A4×Z2. To impose the A4 flavor symmetry
on our models properly, the Higgs field sector is extended by introducing two types of new
scalar fields, χ and η, besides the usual SM Higgs field Φ. The χ is a SU(2)L singlet and
electrically neutral, but the η is a SU(2)L doublet such as Φ:
Φ =

 ϕ+
ϕ0

 , χ0 , η =

 η+
η0

 . (4)
The field assignments under SU(2)L×U(1)Y ×A4×Z2 in our models are shown in Table I,
where LL = (νL, ℓ
−
L)
T is the SM lepton doublet. Here we recall that A4 is the symmetry
group of the tetrahedron, or equivalently, the finite group of the even permutation of four
objects. It has four irreducible representations: one three-dimensional representation (3)
and three inequivalent one-dimensional representations (1, 1′, 1′′). Their multiplication
rules are 3⊗ 3 = 3s ⊕ 3a ⊕ 1⊕ 1′ ⊕ 1′′, 1′ ⊗ 1′′ = 1, 1′ ⊗ 1′ = 1′′ and 1′′ ⊗ 1′′ = 1′. By
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TABLE I: Representations of the fields under SU(2)L × U(1)Y ×A4 × Z2.
Field LL lR, l
′
R, l
′′
R Σ Φ η χ
A4 3 1, 1
′, 1′′ 3 3 1 3
Z2 + + − + − +
SU(2)L × U(1)Y (2,−1) (1,−2) (3, 0) (2, 1) (2, 1) (1, 0)
denoting two A4 triplets as a = (a1, a2, a3) and b = (b1, b2, b3), one obtains
(a⊗ b)3s = (a2b3 + a3b2, a3b1 + a1b3, a1b2 + a2b1) ,
(a⊗ b)3a = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1) ,
(a⊗ b)1 = a1b1 + a2b2 + a3b3 ,
(a⊗ b)1′ = a1b1 + ωa2b2 + ω2a3b3 ,
(a⊗ b)1′′ = a1b1 + ω2a2b2 + ωa3b3 , (5)
where ω = ei2π/3 is a complex cubic-root of unity.
The SU(2)L × U(1)Y × A4 × Z2 invariant Yukawa Lagrangian for the lepton sector can
be expressed as
−LYuk = yΣ(LLΣ)1 η˜ + 1
2
M Tr[(Σ˜cΣ)1] +
1
2
λsχ Tr[(Σ˜
cΣ)3s ] · χ+
1
2
λaχ Tr[(Σ˜
cΣ)3a ] · χ
+ye(LLΦ)1ℓR + yµ(LLΦ)1′ℓ
′′
R + yτ (LLΦ)1′′ℓ
′
R +H.c. , (6)
where η˜ ≡ iτ2 η∗. In the above Lagrangian, the SM charged lepton sector has three
independent Yukawa terms with the couplings ye, yµ and yτ , respectively, all involving
the A4 triplet Higgs field Φ. The neutrino Dirac term arises from (LLΣ)1 η˜, which involves
only one Yukawa coupling yΣ and the A4 singlet η˜. The right-handed Majorana neutrino
terms are associated with a bare massM and an SM gauge singlet scalar field χ which is a A4
triplet. We will see later that the 3a term Tr[(Σ˜cΣ)3a ] ·χ turns out to give no contributions.
By imposing the additional symmetry Z2 as shown in Table I, the SU(2)L × U(1)Y × A4
invariant Yukawa term LLΣ Φ is forbidden from the Lagrangian.
We assume that the vacuum expectation values (VEVs) of the A4 triplet Φ can be equally
aligned, i.e., 〈ϕ0〉 = (v, v, v). The mass matrix mℓ of the SM charged leptons is derived from
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the terms associated with the three Yukawa couplings ye, yµ, yτ as
mℓ = Uω


√
3yeυ 0 0
0
√
3yµυ 0
0 0
√
3yτυ

 , with Uω = 1√3


1 1 1
1 ω ω2
1 ω2 ω

 . (7)
The above form of mℓ indicates that the left- and the right-diagonalization matrices, U
ℓ
L
and U ℓR, for the SM charged lepton sector are identical to Uω and the 3× 3 identity matrix
I, respectively: i.e., the diagonal mass matrix mˆℓ of the SM charged leptons is given by
mˆℓ = (U
ℓ
L)
† mℓ U ℓR = U
†
ω mℓ =
√
3v diag(ye, yµ, yτ ) ≡ diag(me, mµ, mτ ) . (8)
Throughout this work, we shall denote a diagonal matrix by putting a “hat (ˆ)” on it, such
as the above mˆℓ.
The Yukawa terms yΣ(LLΣ)1 η˜ + H.c. leads to the neutrino Dirac mass and the corre-
sponding charged lepton mass terms
vη√
2
νL YˆΣ NR + vη ℓL YˆΣ E
−
R +H.c. , (9)
after the A4 singlet field η acquires the VEV 〈η0〉 ≡ vη, which is assumed to be the
electroweak scale: vη ∼ v. The Dirac mass matrix is given by
mD =
vη√
2
YˆΣ = m
D
ν I , (10)
where mDν ≡ vηyΣ/
√
2 and the Yukawa coupling matrix YˆΣ ≡ yΣ I.
The terms involving M and χ give the mass terms of the right-handed Majorana neutrino
NR and the heavy charged lepton E
−
R . Taking the A4 symmetry breaking scale to be above
the electroweak scale, i.e., 〈χi〉 > v, one obtains the mass terms
1
2
(NR)c MN NR + (E
+
R )
c ME E
−
R +H.c. , (11)
where the Majorana neutrino mass matrix MN and the heavy charged lepton mass matrix
ME are given by
MN =ME =


M λsχυχ3 λ
s
χυχ2
λsχυχ3 M λ
s
χυχ1
λsχυχ2 λ
s
χυχ1 M

 , (12)
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where 〈χi〉 ≡ vχi (i = 1, 2, 3). BothMN andME are symmetric matrices. We note that there
is no contribution toMN andME from the 3a term with the coupling λ
a
χ in the Lagrangian.
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If the vacuum alignment of the A4 triplet field χ is chosen to be
vχ1 ≡ vχ 6= 0 , vχ2 = vχ3 = 0 , (13)
the matrices MN and ME become
MN = ME = M


1 0 0
0 1 κ eiξ
0 κ eiξ 1

 , (14)
where κ ≡ |λχvχ/M | and the relative phase difference ξ is real. The choice of VEV
directions in Eq. (13) and 〈ϕ0〉 require a stable alignment of the fields χ and Φ, which is
displayed in the Appendix.
For convenience, we change the basis for the SM charged lepton and heavy neutrino parts
to be diagonal as following:
LL → LdL ≡ (νdL , ℓdL)T = U †ω LL ≡ (U †ω νL , U †ω ℓL)T , ℓR → ℓdR = U ℓ†R ℓR = ℓR ,
NR → NdR = (UNR )†NR , E−R → Ed−R = (UER )†E−R , (15)
where the diagonalization matrices UER = U
N
R since MN = ME . Note that these states with
the superscript “d” (νdL, ℓ
d
L,R, etc) are not yet final mass eigenstates, as can be seen below.
Then, in this basis the Yukawa interactions given in Eq. (6) together with the charged gauge
interactions can be written in the form of the Type III seesaw Lagrangian
− L = Ed MˆE Ed +
{ 1
2
(NdR)
c MˆN N
d
R + ℓ
d
L mˆℓ ℓ
d
R + ν
d
L m
′
D N
d
R +
√
2 ℓdL m
′
D E
d
R
−g
[
EdL γ
µ(NdR)
c W−µ + E
d
R γ
µNdR W
−
µ
]
− g√
2
ℓdLγ
µνdL W
−
µ + H.c.
}
, (16)
where the diagonal matrices MˆE and MˆN are given by
MˆE = MˆN = (U
N
R )
T MN U
N
R =M diag(a, 1, b) ≡ diag(M1,M2,M3) , (17)
with a =
√
1 + κ2 + 2κ cos ξ and b =
√
1 + κ2 − 2κ cos ξ. The diagonal elements for the
heavy neutral and charged lepton mass matrices are M1 = Ma, M2 = M and M3 = Mb,
1 See the details given in the subsection of Appendix A.
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which are real and positive. For κ 6= 0, the diagonalization matrix UNR is
UNR =
1√
2


0
√
2 0
1 0 −1
1 0 1




ei
α
2 0 0
0 1 0
0 0 ei
β
2

 , (18)
with the phases
α = tan−1
( −κ sin ξ
1 + κ cos ξ
)
and β = tan−1
( −κ sin ξ
κ cos ξ − 1
)
. (19)
In Eq. (16), we have defined Ed = EdR +E
d
L ≡ Ed−R + (Ed+R )c, where EdR,L = PR,LEd with
PR,L = (1 ± γ5)/2, by using that MˆE is a real diagonal matrix.2 The Dirac mass matrix
m′D in Eq. (16) is given by
m′D =
vη√
2
U †ω YˆΣ U
N
R =
vηyΣ√
2


2√
6
1√
3
0
− 1√
6
1√
3
− 1√
2
− 1√
6
1√
3
1√
2




ei
α
2 0 0
0 1 0
0 0 ei
β−pi
2

 , (20)
where yΣ is complex in general. We note that the matrix product U
†
ω U
N
R has the form of
the so-called tri-bimaximal mixing matrix UTB :
UTB = e
i(δ+pi
2
)


2√
6
1√
3
0
− 1√
6
1√
3
− 1√
2
− 1√
6
1√
3
1√
2




ei
α
2 0 0
0 1 0
0 0 ei
β−pi
2

 , (21)
where δ is an arbitrary phase. Here we have explicitly shown the possible Majorana phases
α and (β − π), and the arbitrary phase (δ + π
2
) in UTB.
Due to the existence of the mixing terms between νdL and N
d
R and between ℓ
d
L and E
d
R,
these states with the superscript “d” are not yet final mass eigenstates. From Eq. (16), the
lepton mass terms can be easily identified, such as the neutrino mass terms having the Type
I seesaw form
−Lν = 1
2
NL Mν N cL +H.c. , NL =

 νdL
(NdR)
c

 , Mν =

 0 m′D
m′ TD MˆN

 , (22)
2 If one defines E = ER + EL ≡ E−R + (E+R )c in Eq. (11), it implies ME = M∗E and MN = M∗N so
that the phase ξ in Eq. (14) would vanish and Majorana phases could not appear in the neutrino mass
matrix. However, this is not generally appropriate.
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and the charged lepton mass terms
− Lℓ = KL Mℓ KR +H.c. , KL,R =

 ℓdL,R
EdL,R

 , Mℓ =

 mˆℓ √2 m′D
0 MˆE

 . (23)
Indeed, the full 6× 6 mass matricesMν andMℓ are non-diagonal and can be diagonalized
by transforming the lepton fields from the states with the superscript “d” in Eq. (16) to mass
eigenstates which will be denoted by putting the superscript “m” as below:
NL → NmL = U † NL , KL,R → KmL,R = X†L,R KL,R , (24)
where the lepton fields in the mass eigenstates are
NmL =

 νmL
(NmR )
c

 , KmL,R =

 ℓmL,R
EmL,R

 , (25)
and the unitary matrices U and XL,R can be written as
U =

 Uνν UνN
UNν UNN

 , XL =

 XLℓℓ XLℓE
XLEℓ XLEE

 , XR =

 XRℓℓ XRℓE
XREℓ XREE

 . (26)
Under the assumption M ≫ vη, v, up to order (|yΣ|vη/M)2, we obtain
Uνν =
(
1− UνNU †νN/2
)
U0 , UνN = mDMˆ
−1T
UNν = −U †νN U0 , UNN = 1− U †νNUνN/2
XLℓℓ =
(
1−mDMˆ−1Mˆ−1†m†D
)
V ℓL , XLℓE =
√
2 mDMˆ
−1 V EL
XLEℓ = −
√
2 Mˆ−1†m†D V
ℓ
L , XLEE =
(
1− 2 Mˆ−1†m†DmDMˆ−1
)
V EL ,
XRℓℓ = V
ℓ
R , XRℓE =
√
2 Mˆ−1Mˆ−1†m†Dmˆℓ V
E
R
XREℓ =
√
2 mˆ†ℓmDMˆ
−1Mˆ−1† V ℓR , XREE = V
E
R , (27)
where Mˆ ≡ MˆN = MˆE . V ℓL, V ℓR, V EL and V ER are the diagonalization matrices of the
hermitian matrices m˜ℓ m˜
†
ℓ, m˜
†
ℓ m˜ℓ, M˜E M˜
†
E and M˜
†
E M˜E , respectively, which are expressed
in Eq. (A2) of Appendix A. For both light and heavy charged leptons, the next leading order
terms in Eq. (A2) are negligibly small, compared with the leading order terms, since |M | ≫
vη. Especially, for the light charged leptons, the corrections to mˆℓ mˆ
†
ℓ and mˆ
†
ℓ mˆℓ first
appear at order (|yΣ|vη/M)2.
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Up to order |yΣ|vη/M , the unitary matrix U0 in Eq. (27) is the diagonalization matrix
of the 3× 3 light neutrino mass matrix mmodν :
UT0 m
mod
ν U0 = mˆ
mod
ν , (28)
where
mmodν = −m′D Mˆ−1 m′ TD , mˆmodν = diag(m1, m2, m3) , (29)
with real and positive mi (i = 1, 2, 3). Due to Eq. (20), Eq. (28) holds if
U∗0 = U
†
ω U
N
R e
i(pi
2
+δ) = UTB (30)
and
mˆmodν =
|yΣ|2 v2η
2
Mˆ−1 , (31)
where yΣ ≡ |yΣ| eiδ and the tri-bimaximal mixing matrix UTB is given in Eq. (21). In
other words, the diagonalization matrix U0 naturally becomes the tri-bimaximal mixing
matrix U∗TB. Therefore, with the relation (30), Eq. (28) can be rewritten as
mmodν = UTB mˆ
mod
ν U
T
TB , (32)
where the diagonal matrix mˆmodν is
mˆmodν = m0 diag
( 1
a
, 1,
1
b
)
, with m0 =
|yΣ|2 v2η
2M
, (33)
Here a and b have been defined in Eq. (17).
It should be emphasized that being started from the Type III seesaw Lagrangian (6)
having A4×Z2 symmetry, the tribimaximal mixing matrix UTB is obtained in a natural way
as the diagonalization matrix of the light neutrino mass matrix, which is the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix UPMNS in the SM. This feature is actually the same
as in Type I seesaw case with A4 flavor symmetry.
The above fact that the PMNS matrix naturally becomes the tribimaximal matrix UTB in
this model can be also shown directly from the charged gauge interactions as follows. In the
mass eigenstate basis the charged gauge interactions can be written as
LC = g√
2
W−µ
[(
ℓmL X
†
Lℓℓ + E
m
L X
†
LℓE
)
γµ
(
Uνν ν
m
L + UνN (N
m
R )
c
)
+
√
2
(
ℓmL X
†
LEℓ + E
m
L X
†
LEE
)
γµ
(
UNν ν
m
L + UNN (N
m
R )
c
)
+
√
2
(
ℓmR X
†
REℓ + E
m
R X
†
REE) γ
µ
(
U∗Nν (ν
m
L )
c + U∗NN N
m
R )
]
+H.c. , (34)
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TABLE II: Current best-fit values of θ12, θ23,∆m
2
sol and ∆m
2
atm together with the 1σ and 3σ
allowed ranges of the neutrino oscillation parameters [1], and θ13 with a combined analysis of the
data coming from T2K, MINOS, Double Chooz and Daya Bay experiments [2, 3].
∆m2sol/10
−5 eV2 sin2 θ12 sin2 2θ13 sin2 θ23 ∆m2atm/10−3 eV
2
Best-fit 7.59 0.312 0.089 0.52 2.50(−2.40)
1σ 7.41 − 7.79 0.295 − 0.329 0.073 − 0.105 0.45 − 0.58(0.46-0.58) 2.34 − 2.59-(2.48 − 2.31)
3σ 7.09 − 8.19 0.27 − 0.36 0.042 − 0.136 0.39 − 0.64 2.14− 2.76−(2.13 − 2.67)
which indicates the light lepton charged current
g√
2
W−µ ℓ
m
L γ
µ UPMNS ν
m
L +H.c. (35)
with the PMNS matrix
UPMNS = X
†
Lℓℓ Uνν +
√
2 X†LEℓ UNν ≃ X†Lℓℓ Uνν . (36)
The approximation in (36) is obvious from Eq. (27). Since Uνν ≃ U0 and XLℓℓ ≃ V ℓL from
Eq. (27), and V ℓL ≃ I due to m˜ℓ m˜†ℓ ≃ mˆℓ mˆ†ℓ from Eq. (A2), the PMNS matrix becomes
UPMNS ≃ V ℓ†L U0 ≃ U∗TB . (37)
Because of the observed hierarchy |∆m2atm| ≡ |∆m231| ≫ ∆m2sol ≡ ∆m221 > 0 (as shown
in Table II) and the requirement of MSW resonance for solar neutrinos, from Eq. (33) there
are two possible neutrino mass hierarchies depending on the sign of cos ξ (by definition,
κ > 0) : (i) m1 < m2 < m3 (normal hierarchy) corresponding to cos ξ > 0 and (ii)
m3 < m1 < m2 (inverted hierarchy) corresponding to cos ξ < 0. From Eq. (33) the solar
and atmospheric mass-squared differences are given by
∆m2sol ≡ m22 −m21 =
m20 κ(κ+ 2 cos ξ)
1 + κ2 + 2κ cos ξ
,
∆m2atm ≡ m23 −m21 =
4m20 κ cos ξ
(1 + κ2 − 2κ cos ξ)(1 + κ2 + 2κ cos ξ) , (38)
which are constrained by the neutrino oscillation experimental results. Since the neu-
trino oscillation data indicate that ∆m2Sol is positive, we obtain the condition κ >
−2 cos ξ. Also, from the data giving the value of the ratio of the mass-squared differ-
ence R ≡ ∆m2Sol/∆m2Atm ∼ 3 × 10−2, we find the other conditions 1 + κ2 ≈ 2κ cos ξ or
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κ ≈ −2 cos ξ. For the first case (corresponding to M1,2 ≫ M3) which implies cos ξ > 0, the
normal hierarchy m3 ≫ m2 > m1 is obtained. By using the best-fit values of the neutrino
oscillation data for R, we find κ ≈ 0.75 or 1.24 for cos ξ → 1. For the second case
(corresponding to M3 > M2 & M1) which implies cos ξ < 0, we find the inverted hier-
archy m2 & m1 > m3. From the best-fit values of the data for R, we have κ ≈ 2.01 for
cos ξ → −1.
III. HIGHER DIMENSIONAL OPERATORS − DEVIATION FROM TRI-
BIMAXIMAL MIXING
The recent global fit analyses indicate that the mixing angle θ13 is non-zero at 1σ level. In
order to accommodate this fact in our framework, we introduce higher dimensional operators
which are also invariant under SU(2)L×U(1)Y ×A4×Z2, as before. We assume that there
is a cutoff scale Λ above which there exists unknown physics. Then below the scale Λ, the
higher dimensional operators express the effects from the unknown physics.
The effective dimension-five operators in the lepton sector, which are driven by the χ-VEV
alignment and invariant under SU(2)L × U(1)Y × A4 × Z2, can be expressed as
− L d=5Yuk =
ysχ
Λ
[(LL Σ)3s · χ]1 η˜ +
yaχ
Λ
[(LL Σ)3a · χ]1 η˜
+
yse
Λ
[(LL Φ)3s · χ]1 lR +
ysµ
Λ
[(LL Φ)3s · χ]1′ l′′R +
ysτ
Λ
[(LL Φ)3s · χ]1′′ l′R (39)
+
yae
Λ
[(LL Φ)3a · χ]1 lR +
yaµ
Λ
[(LL Φ)3a · χ]1′ l′′R +
yaτ
Λ
[(LL Φ)3a · χ]1′′ l′R +H.c.
Due to the above operators driven by the χ scalar field with VEV alignments in Eq. (13),
the Dirac mass matrix in Eq. (10) and the SM charged lepton mass matrix in Eq. (7) are
modified, while the heavy lepton masse matrices MN and ME are not affected.
After the electroweak symmetry breaking 〈η0〉 = vη, the terms with the couplings ys,aχ
produce the off-diagonal elements of the Dirac mass matrix which can be expressed as
(
νL1 νL2 νL3
) vη√
2
∆YΣ


NR1
NR2
NR3

+H.c., (40)
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and
(
ℓL1 ℓL2 ℓL3
)
vη ∆YΣ


ER1
ER2
ER3

+H.c., (41)
where the deviation from the diagonal Yukawa matrix given in Eq. (10), ∆YΣ, is given by
∆YΣ =


0 0 0
0 0 (ysχ + y
a
χ)
υχ
Λ
0 (ysχ − yaχ)υχΛ 0

 = yΣ


0 0 0
0 0 y1e
iρ1
0 y2e
iρ2 0

 , (42)
with y1,2 = (|ysχ ± yaχ|/|yΣ|)(υχ/Λ) and ρ1,2 = arg[(ysχ ± yaχ)/yΣ].
Similarly, the terms with the couplings ys,ae , y
s,a
µ , y
s,a
τ generate corrections to the SM
charged lepton mass matrix:
(
ℓL1 ℓL2 ℓL3
)
v ∆mℓ


lR
l′′R
l′R

 +H.c. , (43)
where the deviation from mℓ given in Eq. (7), ∆mℓ, is given by
∆mℓ =


0 0 0
(yse + y
a
e )
υχ
Λ
(ysµ + y
a
µ)
υχ
Λ
(ysτ + y
a
τ )
υχ
Λ
(yse − yae )υχΛ (ysµ − yaµ)υχΛ (ysτ − yaτ )υχΛ

 . (44)
Combined with the previous mass matrix mℓ, the modified SM charged lepton mass matrix
mmodℓ now becomes
mmodℓ = mℓ +∆mℓ
= Uω
√
3


m11 m12 m13
m21 m22 m23
m31 m32 m33

 ≡ UωU˜ ℓL diag(me, mµ, mτ ) (U˜ ℓR)† , (45)
where
m11 = v(ye + 2f1/3) , m12 = 2vf2/3 , m13 = 2vf3/3 ,
m21 = v(g1 − f1)/3 , m22 = v[yµ + (g2 − f2)/3] , m23 = v(g3 − f3)/3 , (46)
m31 = −v(g1 + f1)/3 , m32 = −v(g2 + f2)/3 , m33 = v[yτ − (g3 + f3)/3] ,
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with f1 = υχy
s
e/Λ, f2 = υχy
s
µ/Λ, f3 = υχy
s
τ/Λ, g1 = −i
√
3υχy
a
e/Λ, g2 =
−i√3υχyaµ/Λ, g3 = −i
√
3υχy
a
τ/Λ. All fi and gi are in general complex. The matrix Uω
is given in Eq. (7). Note that the diagonalization martix U˜ ℓR is not an identity matrix any
more, which is different from Eq. (8). For the most natural case that the light charged lep-
ton Yukawa couplings are hierarchical such as yτ ≫ yµ ≫ ye and the corrected off-diagonal
terms are smaller than the diagonal ones in magnitude, we will make the following reasonable
assumption
yτ ≫ |f3|, |g3| ∼ yµ ≫ |f2|, |g2| ∼ ye ≫ |f1|, |g1| , (47)
or equivalently,
|m33| ≫ |m22| ∼ |m23| ∼ |m13| ≫ |m11| ∼ |m12| ∼ |m32| ≫ |m21| ∼ |m31| . (48)
Under the above assumption, U˜ ℓL and U˜
ℓ
R can be obtained by diagonalizing the matrices
U †ωm
mod
ℓ m
mod†
ℓ Uω and m
mod†
ℓ m
mod
ℓ , respectively. Notice that the mixing matrix U˜
ℓ
L becomes
the part of the PMNS mixing matrix. Owing to the strong hierarchy in Eq. (48), U˜ ℓL can be
approximated as
U˜ ℓL ≃


1 |m12
m22
|eiφ3 |m13
m33
|eiφ2
−|m12
m22
|e−iφ3 1 |m23
m33
|eiφ1
−|m13
m33
|e−iφ2 −|m23
m33
|e−iφ1 1

 , (49)
where the phases φi (i = 1, 2, 3) are approximated as
φ1 ≃ 1
2
arg(m23m
∗
33) , φ2 ≃
1
2
arg(m13m
∗
33) , φ3 ≃
1
2
arg(m12m
∗
22) . (50)
For convenience, let us change the basis for the SM charged lepton and heavy lepton
(both neutral and charged) parts to be diagonal:
LL → (U˜ ℓL)†U †ω LL , ℓR → (U˜ ℓR)† ℓR ,
NR → (UNR )† NR , ER → (UER )† ER , EL → (UER )T EL , (51)
where ER ≡ E−R and EL ≡ (E+R )c, and the diagonalization matrices UER = UNR due to
MN = ME as in Eq. (12). Then the Yukawa and the charged gauge interactions have the
same form as of Eq. (16) with
MˆE = MˆN = (U
N
R )
T MN U
N
R , mˆ
mod
ℓ = (U˜
ℓ
L)
†U †ω m
mod
ℓ U˜
ℓ
R ,
m′modD =
vη√
2
(U˜ ℓL)
†U †ω YˆΣ U
N
R , (52)
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where MˆE , MˆN and mˆ
mod
ℓ are diagonal matrices, but in general m
′mod
D is non-diagonal.
Because of the non-vanishing m′modD , the full 6 × 6 mass matrices Mν and Mℓ, as defined
in Eqs. (22) and (23), are non-diagonal with the Dirac mass matrix m′modD . The 3 × 3 light
neutrino mass matrix mmodν has the same form as of the Type I seesaw:
mmodν = −m′modD Mˆ−1N m′mod TD
= −v
2
η
2
[(U˜ ℓL)
†U †ω YˆΣ U
N
R ] Mˆ
−1
N [(U
N
R )
T Yˆ TΣ U
∗
ω(U˜
ℓ
L)
∗] , (53)
which clearly shows that mmodν can not be diagonalized by the tri-bimaximal mixing matrix
UTB = U
†
ω U
N
R e
i(pi
2
+δ), unlike the case shown in Eq. (32). In other words, any matrix
diagonalizing mmodν should include a certain deviation from UTB. The origin of the deviation
from UTB is the corrections both to the Yukawa coupling matrix as shown in Eqs. (40)
and (41), and to the SM charged lepton mass matrix as shown in Eq. (43). In fact, the
same feature can be obtained also in the Type I seesaw case with A4 flavor symmetry, by
introducing the dimension-five operators similar to those shown in Eq. (40). In the next
section, we will investigate a new possibility that the above feature can be obtained through
pure Type III seesaw effects, which do not appear in the Type I seesaw case.
In order to explicitly show the deviation from the tri-bimaximal form, for simplicity, we
assume that the phase ξ = 0, defined in Eq. (14), which leads to the vanishing phases from
heavy lepton parts: i.e., α = 0 and β = 0 in Eq. (19). This assumption is equivalent to
cos ξ = 1 which corresponds to the normal hierarchy case for the light neutrino masses in the
previous section. First, let us diagonalize [Uω(U˜
ℓ
L) m
mod
ν (U˜
ℓ
L)
TUTω ], instead of m
mod
ν , by
using a unitary matrix V :
V † [Uω(U˜ ℓL) m
mod
ν (U˜
ℓ
L)
TUTω ] V
∗ = −v
2
η
2
V † [YˆΣ UNR Mˆ
−1
N (U
N
R )
T Yˆ TΣ ] V
∗
= diag(mmod1 , m
mod
2 , m
mod
3 ) (54)
=
y2Σv
2
η
2M
V †


1 0 0
0 A G
0 G B

V ∗ ,
15
where mmodi (i = 1, 2, 3) are the mass eigenvalues of the light neutrinos, and
A =
a(1− eiρ1y1)2 + b(1 + eiρ1y1)2
2ab
,
B =
a(1− eiρ2y2)2 + b(1 + eiρ2y2)2
2ab
,
G =
(1 + eiρ1y1)(1 + e
iρ2y2)
2a
− (1− e
iρ1y1)(1− eiρ2y2)
2b
. (55)
Note that from the above expressions the PMNS matrix is given by
UPMNS = (U˜
ℓ
L)
†U †ω V . (56)
The diagonalization matrix V is obtained as
V = eiπ/2


1 0 0
0 eiϕ1 0
0 0 eiϕ2




0 1 0
cos θ 0 − sin θ
sin θ 0 cos θ




eiξ1 0 0
0 eiξ2 0
0 0 eiξ3

 , (57)
where the phases ξi can be absorbed into the neutrino mass eigenstate fields, and the mixing
angle θ and the phase ϕ21 are defined by
tan 2θ =
2|AG∗ +GB∗|
|A|2 − |B|2 ,
ϕ21 ≡ ϕ2 − ϕ1 = arg(GA∗ +BG∗) . (58)
It indicates that the angle θ and phase ϕ21 go to −π/4 and π, respectively, in the limit that
y1,2 vanish: i.e., θ = −π/4 + δ with |δ| ≪ 1 for y1,2 ≪ 1. We will discuss below how
the angle θ and phase ϕ21 are correlated with the light neutrino mixing angles and mass
eigenvalues. The light neutrino mass eigenvalues are given as
(mmod1 )
2 = m20
(
|A|2 cos2 θ + |B|2 sin2 θ + |G|2 + |AG∗ +GB∗| sin 2θ
)
(mmod2 )
2 = m20
(mmod3 )
2 = m20
(
|A|2 sin2 θ + |B|2 cos2 θ + |G|2 − |AG∗ +GB∗| sin 2θ
)
. (59)
Here the normal and inverted mass hierarchy cases correspond to θ = −π/4 + δ and θ =
π/4 + δ, respectively. The solar and atmospheric mass-squared differences are expressed as
∆m2sol = m
2
0
(
1− |G|2 − |A|2 cos2 θ − |B|2 sin2 θ + |AG∗ +GB∗| sin 2θ
)
,
∆m2atm = −2m20
|AG∗ +GB∗|
sin 2θ
, (60)
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which are constrained by the neutrino oscillation experimental results given by Table II.
Note that in the limit of θ → −π/4 and ϕ21 → π (equivalently y1,2 → 0), as expected,
Eq. (60) turns back to Eq. (38) for ξ = 0 which corresponds to the normal mass hierarchy
case.
In the followings, we will show that the non-zero θ13 can be generated in our A4 symmetric
model which leads to a certain deviation from the TBM through seesaw mechanism due to
the presence of the dimension-five operators driven by the A4 triplet χ field. In addition, we
will show that the corrections through the SM charged lepton part can fit the 1σ experimental
data.
A. With negligible corrections from the SM charged lepton sector: U˜ ℓL = I
In the case of U˜ ℓL = I, from Eqs. (7) and (57), the lepton mixing matrix UPMNS can be
written as
UPMNS = U
†
ωV = e
iπ/2 1√
3


ceiϕ1 + seiϕ2 1 ceiϕ2 − seiϕ1
−cei(ϕ1+pi3 ) − sei(ϕ2−pi3 ) 1 sei(ϕ1+pi3 ) − cei(ϕ2−pi3 )
−cei(ϕ1−pi3 ) − sei(ϕ2+pi3 ) 1 sei(ϕ1−pi3 ) − cei(ϕ2+pi3 )

 , (61)
where s ≡ sin θ and c ≡ cos θ. The common phase eiπ/2 has no physical meaning so that
it can be neglected. It is clear that in the limit of y1,2 = 0 (equivalently, θ = −π/4 and
ϕ21 = π for the normal mass hierarchy case) the exact TBM is restored in Eq. (61). By
transformations e → eeiα1 , µ → µeiβ1, τ → τeiβ2 and ν2 → ν2ei(α1−α2), Eq. (61) can be
rewritten as
UPMNS =


|Ue1| |Ue2| Ue3e−iα1
Uµ1e
−iβ1 Uµ2ei(α1−α2−β1) |Uµ3|
Uτ1e
−iβ2 Uτ2ei(α1−α2−β2) |Uτ3|

 , (62)
where αi = arg(Uei) (i = 1, 2, 3), β1 = arg(Uµ3) and β2 = arg(Uτ3), and Uζj is an element
of the PMNS matrix, with ζ = e, µ, τ corresponding to the lepton flavors and j = 1, 2, 3
corresponding to the light neutrino mass eigenstates. Each elements of UPMNS in Eq. (62)
can be related to the conventional parameters of the PMNS matrix [23]. Then, the reactor
angle θ13 is written as
sin θ13 = |Ue3| = 1√
3
√
1− sin 2θ cosϕ21 . (63)
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FIG. 1: Plot of sin θ12 in Eq. (65) versus sin θ13. Here the horizontal dashed lines represent 1σ
experimental bounds on sin θ12 shown in Table II. The red band shows 1σ experimental bound in
Eq. (2)
Using the 3σ (1σ) experimental bounds on |Ue3|, we obtain the bounds on sin 2θ cosϕ21:
0.89 . sin 2θ cosϕ21 ≤ 0.94 (0.92 . sin 2θ cosϕ21 ≤ 0.97). As will be shown below, these
bounds are more stringent than that from θ12.
The solar and atmospheric neutrino mixings are governed by
sin2 θ12 =
|Ue2|2
1− |Ue3|2 =
1
2 + sin 2θ cosϕ21
,
sin2 θ23 =
|Uµ3|2
1− |Ue3|2 =
1− sin 2θ cos(2π/3− ϕ21)
2 + sin 2θ cosϕ21
. (64)
The above relations indicate that sin2 θ12 = 1/3 and sin
2 θ23 = 1/2 in the limit of θ = π/4
and ϕ21 = 0, and a deviation from those values of the mixing angles are strongly constrained
by θ and ϕ21. Using the 3σ experimental bound on the solar mixing angle, we obtain the
constraint: 0.78 . sin 2θ cosϕ21 ≤ 1. Combining this constraint with the expression in
Eq. (64) leads to sin2 θ12 ≥ 1/3, which is disfavored by the 1σ experimental upper bound:
sin2 θ12 = 0.331 < 1/3. On the other hand, from Eqs. (63) and (64) we obtain a correlation
between the solar mixing angle θ12 and the reactor mixing one θ13:
sin θ12 =
1√
3
1√
1− sin2 θ13
≥ 1√
3
. (65)
Fig. 1 displays this correlation between θ12 and θ13, and shows the lower bound of the solar
mixing angle sin θ12 ≥ 1/
√
3.
In the next section, in comparison with the above results, we shall discuss the phenomeno-
logical consequences of the case that contributions from the SM charged lepton sector are
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sizable. In the case that the 1σ experimental bound is taken seriously into account, this
discussion shall be also interesting.
B. With sizable corrections from the SM charged lepton sector
The diagonalization matrix U˜ ℓL of the SM charged lepton mass matrix can modify the
PMNS matrix to be consistent with 1σ experimental data shown in Table II, by generating
sizable effects. The modified lepton mixing matrix can be written as
UPMNS = (U˜
ℓ
L)
†U †ωV
=


Uv11 − U ℓ12Uv21 − U ℓ13Uv31 1√3 − 1√3(U ℓ12 + U ℓ13) Uv13 − U ℓ12Uv23 − U ℓ13Uv33
Uv21 + U
ℓ∗
12U
v
11 − U ℓ23Uv31 1√3 − 1√3(U ℓ23 − U ℓ∗12) Uv23 − U ℓ23Uv33 + U ℓ∗12Uv13
Uv31 + U
ℓ∗
13U
v
11 + U
ℓ∗
23U
v
21
1√
3
+ 1√
3
(U ℓ∗13 + U
ℓ∗
23) U
v
33 + U
ℓ∗
13U
v
13 + U
ℓ∗
23U
v
23

 ,(66)
where Uvij is an element of the matrix U
†
ωV given in Eq. (61), and U
ℓ
ij is an element of U˜
ℓ
L
given in Eq. (49). With the same manipulation as in Eq. (62), the reactor angle θ13 and
solar mixing angle θ12 can be expressed as
sin θ13 = |Uv13 + U ℓ12Uv23 + U ℓ13Uv33| ≃
1√
3
√
1− sin 2θ cosϕ21 + ǫλ ,
sin2 θ12 =
1
3
|1− U ℓ12 − U ℓ13|2
1− |Uv13 − U ℓ12Uv23 − U ℓ13Uv33|2
≃ 1− 2ǫ cosφ3
2 + sin 2θ cosϕ21 − ǫλ , (67)
where
λ = cosφ3 +
√
3 sinφ3 cos 2θ − sin 2θ [cos(ϕ21 − φ3 − π/3) + cos(ϕ21 + φ3 − π/3)] , (68)
and we have assumed
ǫ ≡ |U ℓ12| ≫ |U ℓ13| ≈ |U ℓ23| . (69)
By comparing Eq. (67) with (63) and (64), it is clearly seen that the amount of the
modification effects to θ12 and θ13 depends on the parameters ǫ and λ. For example, Fig. 2
shows how the solar mixing angle θ12 and reactor mixing angle θ13 depend on the parameters
φ3 and ǫ for fixed values of θ and ϕ21: the (blue) solid and (black) dashed lines correspond
to ǫ = 0.1 and ǫ = 0.23 3, respectively, for θ = −43◦ and ϕ21 = 183◦ which are chosen to be
3 The value ǫ = 0.23 corresponds to sine of the Cabibbo angle.
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FIG. 2: Plots of sin θ12 and sin θ13 as a function of φ3 [rad]. The (blue) solid and (black) dashed
lines correspond to ǫ = 0.1 and ǫ = 0.23, respectively, for θ = −43◦ and ϕ21 = 183◦. The red
bands are allowed regions for φ3 which is constrained by sin θ12. Here the horizontal dashed lines
represent 3σ experimental bounds in Table II.
values a little deviated from θ = −45◦ and ϕ21 = 180◦ equivalent to y1,2 = 0. As can be seen
in the left plot on θ12 of Fig. 2, for ǫ = 0.23, there are two allowed regions on the phase φ3,
that is, 1.1 . φ3[rad] . 1.7 and 4.6 . φ3[rad] . 5.1. The right plot on θ13 of Fig. 2 shows
that the measured value of θ13 favors only one region, 1.1 . φ3[rad] . 1.7.
Similar to Eq. (65), from Eq. (67) we find a correlation modified by the SM charged
lepton sector between the solar mixing angle θ12 and the reactor mixing one θ13:
sin θ12 =
√
1− 2ǫ cosφ3
3(1− sin2 θ13)
. (70)
In comparison with Eq. (65), the solar mixing angle in Eq. (70) can be sizably changed by
the parameters ǫ and φ3. Fig. 3 shows a correlation between θ12 and θ13 for ǫ = 0.23, where
the solid lines correspond to φ3 = 2.5, 1.7, 1.1, 0.4 [rad] from the bottom, respectively.
For a fixed value ǫ = 0.23, there is a region of φ3, i.e. 1.1 . φ3[rad] . 1.7, satisfying the
experimental data of θ12 and θ13 at 3σ. Comparing Fig. 3 to Fig. 1, we see that the value of
sin θ12 can vary to a large extent, depending on φ3 which arises from the SM charged lepton
effects.
Also, the atmospheric mixing angle can be modified as
sin2 θ23 =
|Uv23 − U ℓ23Uv33 + U ℓ∗12Uv13|2
1− |Uv13 − U ℓ12Uv23 − U ℓ13Uv33|2
≃ 1− sin 2θ cos(2π/3− ϕ21)− ǫλ
2 + sin 2θ cosϕ21 − ǫλ , (71)
where we have used Eq. (69). Again, the amount of the modification effects to θ12 and θ23
depends on the parameters ǫ and λ. It is very interesting to note that for sin 2θ ≈ −1 and
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FIG. 3: Plot of sin θ12 versus sin θ13 with the varying phase φ3 [rad] for ǫ = 0.23. Here the horizontal
dashed lines and red band represent 3σ experimental bounds of θ12 and θ13, respectively, in Table
II.
cosφ3 ≃ −1, we have λ ≈ 0, in which case the angle θ23 is not much modified from that
in Eq. (64), but only θ12 can be modified sizably by the SM charged lepton part. For an
illustration, we show plots of sin θ12 in the left plot of Fig. 2 and sin θ23 in the left plot
of Fig. 4 as a function of φ3[rad], respectively: in both plots, the (blue) solid and (black)
dashed lines correspond to ǫ = 0.1 and ǫ = 0.23, respectively, for θ = −43◦ and ϕ21 = 183◦.
Here the horizontal dotted lines represent 3σ experimental bounds in Table II. And the red
bands come from the constraint of experimental data of θ12. We see that the value of sin θ12
is sensitive to φ3 and ǫ, while the value of sin θ23 varies relatively small. In particular, from
Figs. 2 and 4, one can see the deviations of sin θ12, sin θ23 and sin θ13 from their TBM values
of 1/
√
3, 1/
√
2 and 0, respectively, depending on φ3 and ǫ. It is also obvious from these two
figures that there are allowed values of φ3 and ǫ to satisfy the 3σ experimental bounds on
sin θ12, sin θ23 and sin θ13: e.g., φ3 ∼ 1.5 [rad] for both ǫ = 0.1 and 0.23.
Interestingly enough, CP violating phases arise from the dimension-five operators driven
by the χ field and they are directly related to the low energy Dirac CP phase which can
be measured, in principle, in long baseline neutrino oscillation experiments [24]. By using
the conventional parametrization of the PMNS matrix [23] and Eq. (66) one can deduce a
expression for Dirac CP phase δCP which can be written as
δCP = − arg

 U
∗
e1Ue3Uτ1U
∗
τ3
c12c213c23s13
+ c12c23s13
s12s23

 . (72)
Equivalently, the strength of the low energy CP violation measurable through neutrino os-
cillation defined by Jarlskog invariant, JCP = Im[Ue1Uµ2U
∗
e2U
∗
µ1], could be expressed roughly
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FIG. 4: Plots of sin θ23 (left) and JCP (right) as a function of φ3 [rad]. In both plots, the (blue)
solid and (black) dashed lines correspond to ǫ = 0.1 and ǫ = 0.23, respectively, for θ = −43◦ and
ϕ21 = 183
◦. Here the horizontal dashed lines represent 3σ experimental bounds of θ23 in Table II.
The red bands come from the constraint of the experimental data θ12.
in terms of our parameters
JCP ≃
√
3
18
(
cos 2θ + ǫ sin 2θ(
√
3 cosϕ21 − sinϕ21) sinφ3
)
. (73)
The right plot of Fig. 4 shows the behavior of the JCP as a function of φ3. As pointed out in
Fig. 2, the measured value of θ13 favors the region 1.1 . φ3[rad] . 1.7, which in turn means
that JCP has a non-vanishing value, indicating a signal of maximal CP violation.
It is worth noting that the features discussed above can be similarly obtained also in the
Type I seesaw case with the A4 × Z2 symmetry. In the Type III seesaw case, because of
their origin from the same SU(2)L triplet, the heavy neutral (N) and charged (E) leptons
appear in the Lagrangian usually on the same footing, as shown in the previous and this
section. It is thus unlikely in the Type III seesaw with the A4×Z2 symmetry to find sizable
effects from only either N or E to the charged lepton mass terms or the neutrino Dirac mass
terms. However, the presence of the heavy charged lepton (E) in the Type III case leads to
unique physical consequences differentiating from those of the Type I case, such as decays
of E (through the gauge interactions given in Eq. (34)) and new tree level FCNC processes,
which can be tested in future experiments.
IV. CONCLUSION
The seesaw mechanism is a promising way to explain the tiny masses of neutrinos, but it
cannot provide a solution for the puzzling pattern of mixing among different lepton flavors.
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An interesting approach for understanding the pattern of the mixing matrix in the lepton
sector is to invoke certain family symmetries which constrain the flavor structure of couplings
of Yukawa interactions.
Motivated by the recent neutrino data from Daya Bay and RENO Collaborations, we
have studied the phenomenology of neutrino mixing angles in the Type III seesaw model
with A4 flavor symmetry. Stating with the leptonic Yukawa interactions having a SU(2)L×
U(1)Y ×A4 × Z2 symmetry which is spontaneously broken at a scale much higher than the
EW scale, we have shown that at tree level the TBM form of the lepton mixing PMNS
matrix can be obtained in a natural way. From the current neutrino experimental data,
either normal or inverted hierarchical case of neutrino masses is allowed, depending on the
sign of a particular parameter in our analysis.
By introducing higher dimensional operators, we have explicitly shown that the lepton
mixing matrix generally has a deviation from the TBM form such that it can explain the
non-zero mixing angle θ13 indicated by recent experimental data. With negligible corrections
from the charged lepton sector to the lepton mixing matrix, our result is consistent with
all the neutrino experimental bounds, such as ∆m2sol, ∆m
2
atm, sin
2 θ12, sin
2 θ23 and |Ue3| at
3σ level, but our prediction for the possible value of sin2 θ12 is disfavored by the data at 1σ
level. In the presence of effective dimension-5 operators driven by SU(2)L × U(1)Y singlet
scalar fields we have found that sizable contributions from the charged lepton part modify
the lepton mixing matrix with which all the neutrino data can be accommodated through
phase effects. We have shown that although two regions on the phase φ3, 1.1 . φ3[rad] . 1.7
and 4.6 . φ3[rad] . 5.1, are allowed by the experimental data of θ12, the measured value
of θ13 favors the former. In particular, the recently measured best-fit value of θ13 = 8.68
◦
can be understood in our framework in a consistent way with the constraints from the other
mixing angles θ12 and θ23. Furthermore, we have found that the leptonic CP violation
characterized by the Jarlskog invariant has a non-vanishing value, indicating a signal of
maximal CP violation JCP ≃ 0.04, which could be tested in the future experiments such as
the upcoming long baseline neutrino oscillation ones.
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Appendix A
1. Comments on Eq. (12)
The term Tr[(Σ˜cΣ)3a ] would lead to the terms [(NR)
c NR]3a and [(E
+
R )
c E−R ]3a
+[(E−R )c E
+
R ]3a. But, the right-handed Majorana neutrino term [(NR)
c NR]3a identically
vanishes due to the property of a Majorana particle. In contrast, for the heavy charged
leptons, after A4 symmetry breaking, the 3a term leads to (E
+
R )
c MaE E
−
R + (E
−
R )
c MaE E
+
R =
(E+R )
c (MaE +M
aT
E ) E
−
R = 0, where
MaE =


0 λaχυχ3 λ
a
χυχ2
−λaχυχ3 0 λaχυχ1
−λaχυχ2 −λaχυχ1 0

 = −MaTE . (A1)
2. Comments on Eq. (27)
The hermitian matrices m˜ℓ m˜
†
ℓ , m˜
†
ℓ m˜ℓ , M˜E M˜
†
E and M˜
†
E M˜E , respectively, which
are given by [25]
m˜ℓ m˜
†
ℓ = mˆℓ mˆ
†
ℓ −
(
m′D Mˆ
−1 Mˆ−1∗ m′ †D mˆℓ mˆ
†
ℓ +H.c.
)
,
m˜†ℓ m˜ℓ = mˆ
†
ℓ mˆℓ − 4 mˆ†ℓ m′D Mˆ−1 Mˆ−1† m′ †D mˆℓ ,
M˜EM˜
†
E = Mˆ Mˆ
† +
(
Mˆ m′ †D m
′
D Mˆ
−1 +H.c.
)
+ 2Mˆ−1† m′ †D mˆℓ mˆ
†
ℓ m
′
D Mˆ
−1
+Mˆ−1† m′ †D m
′
D m
′ †
D m
′
D Mˆ
−1 + ...
M˜ †EM˜E = Mˆ
† Mˆ + 2m′ †D m
′
D +
(
2 Mˆ−1 Mˆ−1† m′ †D mˆℓ mˆ
†
ℓ m
′
D +H.c.
)
+ ... (A2)
Appendix B: Higgs Potential and vacuum alignments discussed in Section II
We are going to briefly discuss these vacuum alignments discussed in Sec. II, because it is
nontrivial to ensure that the different vacuum alignments of 〈ϕ0〉 = (υ, υ, υ), 〈η0〉 = vη (∼ v)
and 〈χ〉 = (υχ, 0, 0) in Eq. (13) are preserved. There is a generic way to prohibit the
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problematic interaction terms by physically separating χ and (Φ, η). Here we solve the
vacuum alignment problem by extending the model with a spacial extra dimension y [11]. We
assume that each field lives on the 4D brane either at y = 0 or at y = L, as shown in Fig. 5.
The heavy neutrino masses arise from local operators at y = 0, while the charged fermion
masses and the neutrino Yukawa interactions are realized by non-local effects involving both
branes. A detailed explanation of this possibility is beyond the scope of this paper.
Σ
χ
ℓR
η
Φ
LL
0 y L
FIG. 5: The fifth dimension and locations of scalar and fermion fields.
Then, the most general renormalizable scalar potentials of Φ, η and χ, invariant under
SU(2)L × U(1)Y × A4 × Z2, are given by
Vy=L = µ
2
Φ(Φ
†Φ)1 + λΦ1 (Φ
†Φ)1(Φ†Φ)1 + λΦ2 (Φ
†Φ)1′(Φ†Φ)1′′ + λΦ3 (Φ
†Φ)3s(Φ
†Φ)3s
+ λΦ4 (Φ
†Φ)3a(Φ
†Φ)3a + iλ
Φ
5 (Φ
†Φ)3s(Φ
†Φ)3a + µ
2
η(η
†η) + λη(η†η)2
+ λΦη1 (Φ
†Φ)1(η
†η) + λΦη2 (Φ
†η)(η†Φ) + λΦη3 (Φ
†η)(Φ†η) + λΦη∗3 (η
†Φ)(η†Φ) , (B1)
Vy=0 = µ
2
χ(χχ)1 + λ
χ
1 (χχ)1(χχ)1 + λ
χ
2 (χχ)1′(χχ)1′′ + λ
χ
3 (χχ)3(χχ)3 + ξ
χ(χχχ)1 ,(B2)
where µΦ, µη, µχ and ξ
χ are of the mass dimension 1, while λΦ1,...,5, λ
η, λχ1,...,3 and λ
Φη
1,...,3 are
all dimensionless. From Eqs. (B1) and (B2), it is easy to check that the vacuum stabilities
of global minima are guaranteed.
The minimum condition of the potential Vy=0 is
∂Vy=0
∂χ1
∣∣∣∣
〈χ1〉=vχ
= 2vχ
[
µ2χ + 2(λ
χ
1 + λ
χ
2 )v
2
χ
]
= 0 , (B3)
and
∂Vy=0
∂χ2,3
∣∣∣
〈χ2,3〉=0
= 0 are automatically satisfied. On the other hand, the minimum condi-
tions for the potential on the brane y = L are
∂Vy=L
∂ϕ0i
∣∣∣∣
〈ϕ0i 〉,〈η〉
= 2v
[
µ2Φ + 2(3λ
Φ
1 + 2λ
Φ
3 )v
2 + (λΦη1 + λ
Φη
2 + λ
Φη
3 + λ
Φη∗
3 )v
2
η
]
= 0 ,
∂Vy=L
∂η
∣∣∣∣
〈ϕ0i 〉,〈η〉
= 2vη
[
µ2η + 2λ
ηv2η + (λ
Φη
1 + λ
Φη
2 + λ
Φη
3 + λ
Φη∗
3 )v
2
]
= 0 , (B4)
25
where 〈ϕ0i 〉 = v (i = 1, 2, 3) and 〈η〉 = vη are used. We obtain three independent equations
for the three unknowns v, vη and vχ. Thus the configurations needed in our scenario can
be realized at tree level. The stability of these vacuum alignments under higher order
corrections is not explored in this work.
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